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Abstract
Using a non-smooth critical point theory for locally Lipschitz functionals, we investigate a class of sta-
tionary Schrödinger systems with subcritical discontinuous nonlinearities and lower bounded potentials that
blow up at infinity. The existence of nontrivial solution is obtained.
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1. Introduction
Consider a class of stationary Schrödinger systems in RNof the form
(P )
{−u+ a(x)u = f (x,u, v), x ∈ RN,
−v + b(x)v = g(x,u, v), x ∈ RN, (1.1)
where N  3, a, b : RN → R are continuous functions satisfying
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a(x) a0, b(x) b0, ∀x ∈ RN ;
(H1) lim|x|→∞ a(x) = lim|x|→∞ b(x) = +∞;
and the nonlinearities f,g : RN × R × R → R are continuous almost everywhere functions,
namely m(Df ) = 0 and m(Dg) = 0, where Df = {(u, v) ∈ R2 | f (x, ·,·) is discontinuous at
(u, v)} and Dg = {(u, v) ∈ R2 | g(x, ·,·) is discontinuous at (u, v)}, m denotes the Lebesgue
measure.
Since the Schrödinger equation plays the roles of Newton’s laws and conservation of energy in
classical mechanics, in recent years, some works have been appeared concerning the Schrödinger
equation
(NLS) ih¯
∂ψ
∂t
= −h¯2ψ + V (x)ψ − |ψ |p−1ψ, x ∈ RN, (1.2)
where ψ is the Schrödinger wave function, h¯ denotes Planck’s constant, 1 < p < N+2
N−2 . Using a
Lyapunov–Schmidt type reduction, Oh [9,10] proved the existence of a standing wave solution
of (NLS) provided that the potential V (x) is bounded and possesses a non-degenerate critical
point at x = 0. After making a standing wave ansatz, Rabinowitz [11] reduced (NLS) to that of
semilinear elliptic equations
−u+ a(x)u = f (x,u), x ∈ RN, (1.3)
under suitable condition on a(x) and assuming that f (x,u) is smooth, superlinear and subcrit-
ical, and he used a Mountain Pass type argument to find a ground state solution (least energy
solution). In particular, Costa [3] proved the existence of nontrivial solution for Problem (P )
under appropriate growth and the nonlinearities f , g are continuous functions by using Gen-
eralized Mountain Pass Theorem [12]. On the other hand, Chang [2] extended the variational
methods to a class of non-differentiable functional, and applied directly the variational methods
for non-differentiable functional to prove some existence theorems for PDE with discontinuous
nonlinearities. Since then, the results of Chang [2] have become basic tools for the study of dif-
ferential equations with discontinuous nonlinearities. Later, Hu, Kourogenis, Papageorgiou [6]
obtained the existence of two solutions for an eigenvalue Dirichlet problem involving the p-
Laplacian with discontinuous nonlinearities.
In this paper, we investigate Problem (P ) with discontinuous functions f , g and prove an
existence results. Our approach is variational based on the non-smooth critical point theory which
was initially formulated by Chang [2] and extended by Kourogenis and Papageorgiou [8]. Our
main goal is to illustrate how the idea introduced in [2–4] can be applied to obtain an existence
result for stationary non-smooth Schrödinger systems (i.e. Problem (P )).
In particular, we want to point out that, Problem (P ) describe some physical phenomena
such as the propagation in optical fibers, Kerr-like photorefractive media in optical and a binary
mixture of Bose–Einstein condensates in two different hyperfine states [7,12].
The present paper is organized as followed. In Section 2, we introduce some notation, define
the function spaces and operator settings, state our main theorem, in Section 3, we prove an
existence result under a non-quadratic condition at infinity, in Section 4, we give some comments.
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Let X be a Banach space and X∗ its topological dual. By ‖ ‖X we denote the norm of X and
by 〈 , 〉X the duality brackets for the pair (X,X∗). A functional I : X → R is said to be locally
Lipschitz functional, if for each u ∈ X, there is a neighborhood N of u and a constant L  0
depending on N such that∣∣I (q1)− I (q2)∣∣L‖q1 − q2‖X, for each q1, q2 ∈ N. (2.1)
Given u,h ∈ X, we call the following limit, the generalized directional derivative of the func-
tional I at u in the direction of h
I 0(u;h) = lim
q→u sup
t→0+
1
t
[
I (q + th)− I (q)]. (2.2)
The generalized gradient of the functional I at u, denoted by ∂I (u), is the set
∂I (u) = {u∗ ∈ X∗: 〈u∗, q〉X  I 0(u;q), ∀q ∈ X}. (2.3)
If I1, I2 : X → R are two locally Lipschitz functional, then ∂(I1 + I2)(u) ⊂ ∂I1(u) + ∂I2(u)
and ∂(κI1)(x) = κ∂I1(x) for all κ ∈ R and all u ∈ X.
A point u ∈ X is called a critical point of the locally Lipschitz functional I , if 0 ∈ ∂I (u). It is
easy to check that, if u ∈ X is a local extremum of I (i.e. a local minimum or a local maximum),
then 0 ∈ ∂I (u).
Definition 2.1. The locally Lipschitz functional I is said to satisfy the non-smooth (PS) condi-
tion, if any sequence (un) such that
I (un) → c0, c0 ∈ R, λ(un) → 0, as n → ∞, (2.4)
where
λ(un) = Min
w∈∂I (un)
‖w‖X∗,
possesses a strongly convergent subsequence.
The locally Lipschitz functional I is said to satisfy the non-smooth Cerami condition (the
non-smooth Cc-condition for short), if any sequence (un) such that
I (un) → c0, c0 ∈ R,
(
1 + ‖un‖X
)
λ(un) → 0, as n → ∞, (2.5)
has a strongly convergent subsequence.
We recall the non-smooth (PS) condition which introduced by Chang [2]. A weaker form
of this condition, known as the non-smooth Cerami condition was also used in Kourogenis,
Papageorgiou [8]. They proved a deformation theorem and, as a consequence, general Mountain
Pass Lemma as in Chang [2]:
Lemma 2.2. Let X be a real reflexive Banach space and I a locally Lipschitz functional which
satisfies the non-smooth Cerami condition. Suppose
(i) I (0) = 0;
(ii) There exist ρ > 0, α > 0 and ‖u‖X = ρ, such that I (u) α;
(iii) There exists u1 ∈ X and ‖u1‖X  ρ, such that I (u1) α.
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c = inf
γ∈Γ maxς∈[0,1]
I
(
γ (ς)
)
,
where Γ = {γ ∈ ([0,1];X) | γ (0) = 0, γ (1) = u1}. Then the functional I has a positive critical
value c α > 0.
Let H 1 = H 1(RN,R) denote the Sobolev space of pairs U = (u, v) of L2-functions
u,v :RN → R with weak derivatives ∂u
∂xj
,
∂v
∂xj
(j = 1,2, . . . ,N ) also in L2(RN), endowed with
its usual norm
‖U‖2
H 1 =
∫
RN
(|∇U |2 + |U |2)dx = ∫
RN
(|∇u|2 + |∇v|2 + |u|2 + |v|2)dx.
Given the functions a, b as above, define the subspace E ⊂ H 1
E =
{
U = (u, v) ∈ H 1:
∫
RN
(|∇u|2 + |∇v|2 + a(x)|u|2 + b(x)|v|2)dx < +∞},
and endowed with the norm
‖U‖2E =
∫
RN
(|∇u|2 + |∇v|2 + a(x)|u|2 + b(x)|v|2)dx.
Throughout this paper, we assume that f (x,u, v), g(x,u, v) ∈ L∞loc(R2). Denote
f−(x, t1, t2) = lim
δ→0+
essinf
{
f (x, s1, s2); |ti − si | δ; i = 1,2
}
,
f+(x, t1, t2) = lim
δ→0+
esssup
{
f (x, s1, s2); |ti − si | δ; i = 1,2
}
,
g−(x, t1, t2) = lim
δ→0+
essinf
{
g(x, s1, s2); |ti − si | δ; i = 1,2
}
,
g+(x, t1, t2) = lim
δ→0+
esssup
{
g(x, s1, s2); |ti − si | δ; i = 1,2
}
.
We let 0 < λ1 < λ2 < · · · denote the distinct eigenvalues of the problem
−U + A(x)U = λU, x ∈ RN,
where U = (u, v),  = diag(,) and A(x) = diag(a(x), b(x)). Let E(λk) be the eigenspace
corresponding to the eigenvalue λk , and we define
E¯k =
k⊕
i=1
E(λi) and Eˆk = E⊥k .
By (22) in Costa [3], we have the following orthogonal direct sum decomposition:
E = E¯k ⊕ Eˆk.
Now, we state our main theorem in this paper.
Assume
(H2) |f (x,U)| c(|U | + |U |p), |g(x,U)| c(|U | + |U |p), for a.e. (x,U) ∈ RN × R2, where
c > 0, p < 2∗ = 2N ;N−2
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F(x, t1, t2) =
t1∫
0
f (x, τ, t2) dτ +
t2∫
0
g(x,0, τ ) dτ
satisfies
F(x, t1, t2) =
t2∫
0
g(x, t1, τ ) dτ +
t2∫
0
f (x, τ,0) dτ and
F(x, t1, t2) = 0 if and only if t1 = t2 = 0;
(H4) for all (u, v) ∈ Df the condition f−(x,u, v)  0  f+(x,u, v) implies f (x,u, v) = 0,
and for all (u, v) ∈ Dg the condition g−(x,u, v) 0 g+(x,u, v) implies g(x,u, v) = 0;
(H5) there exist ν > N2 (p − 1) and c > 0 such that for any x ∈ RN
0 < 2F(x, t1, t2)+ c
(|t1|ν + |t2|ν)

⎧⎪⎨
⎪⎩
t1f−(x, t1, t2) + t2g−(x, t1, t2), t1 ∈ [0,+∞), t2 ∈ [0,+∞),
t1f−(x, t1, t2) + t2g+(x, t1, t2), t1 ∈ [0,+∞), t2 ∈ (−∞,0],
t1f+(x, t1, t2) + t2g−(x, t1, t2), t1 ∈ (−∞,0], t2 ∈ (−∞,0],
t1f+(x, t1, t2) + t2g+(x, t1, t2), t1 ∈ (−∞,0], t2 ∈ [0,+∞);
(H6) lim sup|U |→0
2F(x,U)
|U |2 < λ1 < lim sup|U |→∞
2F(x,U)
|U |2 for all x ∈ RN .
Theorem 2.3. Suppose conditions (H0)–(H6) hold, then Problem (P ) possesses a nontrivial
weak solution.
3. Proof of Theorem 2.3
Now, we prove Theorem 2.3 by using Mountain Pass Lemma (Lemma 2.2).
Lemma 3.1. [4] If conditions (H0) and (H1) hold, then the embedding E ⊂ L2(RN,R2) is
compact.
Consider the function F(x,u, v) and define the functional
ψ(U) =
∫
RN
F(x,U)dx, (3.1)
for U = (u, v). It is easy to obtain ψ(U) is a locally Lipschitz functional on E. Indeed, by
conditions (H2) and (H3), we obtain
∣∣F(x, t1, t)− F(x, s1, t)∣∣=
∣∣∣∣∣
t1∫
s1
f (x, τ, t) dτ
∣∣∣∣∣
∣∣∣∣∣
t1∫
s1
c
(∣∣(τ, t)∣∣+ ∣∣(τ, t)∣∣p)dτ
∣∣∣∣∣
 k(t1, s1, t)|t1 − s1|.
Similarly∣∣F(x, t, t2)− F(x, t, s2)∣∣ k(t2, s2, t)|t2 − s2|.
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 kT (x)
∣∣(t2, s2)− (t1, s1)∣∣, (3.2)
where T is a neighborhood of (t1, t2) and (s1, s2). By (3.2), Hölder inequality and the compact
embedding E ⊂ L2(RN,R2), we have
∣∣ψ(u1, v1)−ψ(u2, v2)∣∣=
∣∣∣∣
∫
RN
F(x,u1, v1) dx −
∫
RN
F(x,u2, v2) dx
∣∣∣∣
 c
∥∥(χ1, χ2)∥∥E∥∥(u1, v1)− (u2, v2)∥∥E,
where χ1 = max{u1, u2}, χ2 = max{v1, v2}, which concludes the proof. So, by Lemmas 2–4 in
Dinu [4], we have
∂ψ(U) ∈ [f−(x,U),f+(x,U)]× [g−(x,U), g+(x,U)] a.e. x ∈ RN. (3.3)
In the sense that if θ = (θ1, θ2) ∈ ∂ψ(U), then
f−(x,U) θ1  f+(x,U) and g−(x,U) θ2  g+(x,U) a.e. x ∈ RN. (3.4)
Now, we define the energy functional
I (U) = 1
2
∫
RN
(|∇u|2 + |∇v|2 + a(x)|u|2 + b(x)|v|2)dx − ∫
RN
F(x,U)dx
= 1
2
‖U‖2E −ψ(U) = Φ(U)−ψ(U),
where Φ(U) = 12‖U‖2E . Since the norm in a Hilbert space is locally Lipschitz and ψ(U) is a
locally Lipschitz functional onE, we have the functional I is locally Lipschitz on E and
Lemma 3.2. If conditions (H0)–(H4) hold, then any critical point U = (u, v) ∈ E of the func-
tional I is a weak solution of Problem (P ).
Proof. Let U = (u, v) be a critical point of the functional I , we have 0 ∈ ∂I (U) and〈
Φ ′(U),W
〉
 (ψ)0(U ;W), for all W = (w1,w2) ∈ E,
that is∫
RN
∇u∇w1 + a(x)uw1 + ∇v∇w2 + b(x)vw2 dx  (ψ)0(U ;W),
for all W = (w1,w2) ∈ E.
Hence, by (3.3) or (3.4), we have{
−u+ a(x)u ∈ [f−(x,u, v), f+(x,u, v)], a.e. x ∈ RN,
−v + b(x)v ∈ [g−(x,u, v), g+(x,u, v)], a.e. x ∈ RN. (3.5)
Now, since m(Df ) = 0 and m(Dg) = 0, from Lemma 1 of [5] we obtain{−u+ a(x)u = 0,
−v + b(x)v = 0,
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and g(x,U) = 0, for all x ∈ U−1(Df ,Dg). That is{−u+ a(x)u = 0 = f (x,U),
−v + b(x)v = 0 = g(x,U), (3.6)
for almost all x ∈ U−1(Df ,Dg). Combining (3.5) and (3.6), we can obtain the conclusion. 
Lemma 3.3. The functional I satisfies non-smooth Cerami condition.
Proof. Let Un = (un, vn) be a sequence in E such that
(i) I (Un) → c0, (ii)
(
1 + ‖Un‖X
)
λ(Un) → 0.
From (ii), there exists a sequence {θn} ⊂ ∂ψ(Un), and θn = (θn1, θn2) such that∫
RN
|∇un|2 + a(x)u2n + |∇vn|2 + b(x)v2n dx −
∫
RN
(θn1un + θn2vn) dx  εn → 0,
as n → ∞.
On the other hand,
I (Un) = 12‖Un‖
2
E −ψ(Un) → c0. (3.7)
Note that, by condition (H5), we have
2ψ(U)+ c|U |Lν(RN ) 
∫
{u0}
uf−(x,U)dx +
∫
{u0}
uf+(x,U)dx
+
∫
{v0}
vg−(x,U)dx +
∫
{v0}
vg−(x,U)dx.
Therefore, by (3.3) or (3.4),
2ψ(U)+ c|U |Lν(RN ) 
∫
RN
Uθ dx =
∫
RN
(uθ1 + vθ2) dx
for every U ∈ E and θ ∈ ∂ψ(U). Thus, from (i) and (ii), we have
εn + 2c0 −
∫
RN
|∇un|2 + a(x)u2n + |∇vn|2 + b(x)v2n dx
+
∫
RN
(θn1un + θn2vn) dx + ‖Un‖2E − 2ψ(Un)

∫
RN
(θn1un + θn2vn)dx − 2ψ(Un) c|Un|Lν(RN ). (3.8)
Next, since we use the interpolation inequality
|U |Lp+1(RN )  |U |1−tν N |U |t 2∗ N ,L (R ) L (R )
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p+1 = 1−tν + t2∗ , and the Sobolev embedding E ⊂ L2
∗
(RN,R2) (i.e. Lemma 3.1), we
obtain
|U |Lp+1(RN )  c|U |1−tLν(RN )‖U‖tE. (3.9)
By conditions (H2) and (H3), we obtain∣∣F(x,U)∣∣ c(|U |2 + |U |p+1), ∀x ∈ RN. (3.10)
Combining (3.9) and (3.10), we have
I (Un) = 12‖Un‖
2
E − F(x,Un)
 1
2
‖Un‖2E − c
(|Un|2L2(RN ) + |U |(1−t)(p+1)Lν(RN ) ‖U‖t (p+1)E ). (3.11)
Using (3.7), (3.8) and (3.11), we obtain the following estimate
1
2
‖Un‖2E  c0 + c
(|Un|2L2(RN ) + c1‖Un‖t (p+1)E ). (3.12)
Since ν > N2 (p − 1), we have t (p + 1) < 2 by a simple calculation.
Claim. The sequence {Un} is bounded in E.
Suppose, by contradiction, that ‖Un‖E → +∞. Let Yn = Un‖Un‖E and using the compact em-
bedding E ⊂ L2(RN,R2) (Lemma 3.1), we claim that there exists Y0 ∈ E such that
Yn → Y0 weakly in E,
Yn → Y0 strongly in L2
(
RN,R2
)
,
Yn(x) → Y0(x) a.e. x ∈ RN.
Now, dividing (3.12) by ‖Un‖E in (3.12) and passing the limit, we obtain 12  c|Y0|2L2(RN ), so that
|Y0| = 0 and the set S = {x ∈ RN : |Y0| = 0} has a positive measure. Thus, since |Un(x)| → +∞
for x ∈ S, an application of Fatou’s Lemma gives
|Un|Lν(RN ) 
∫
S
|Un|ν dx → +∞, as n → ∞,
which contradict (3.8).
From the above claim, we can obtain the existence of convergence subsequence in a standard
way since the growth of f , g below the critical exponents 2∗ by condition (H2). 
Proof of Theorem 2.3. In view of Lemma 3.3, we only verify the functional I satisfies the
conditions (ii) and (iii) of Lemma 2.2 (i.e. the geometry of Mountain Pass Lemma). By condition
(H3), it is obvious that I (0) = 0.
(I) By the left side of condition (H6), there exists ρ > 0 such that
F(x,U) <
λ1 |U |2
L2(RN ), ∀‖U‖E = ρ.2
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F(x,U)dx <
1
2
‖U‖2E.
Then there exist ρ > 0, α > 0 and ‖U‖E = ρ, such that I (U) α.
(II) By the right side of condition (H6), we have∫
RN
F
(
x, t1/2U0
)
dx  (λ1 + ε)t
2
|U0|2L2(RN ),
where U0 be an eigenfunction associated with λ1. Hence
I
(
t1/2U0
)= t
2
‖U0‖2E −
∫
RN
F
(
x, t1/2U0
)
dx  t
2
‖U0‖2E −
(λ1 + ε)t
2
|U0|2L2(RN )
−εt
2
|U0|2L2(RN ) → −∞, as t → +∞.
So, for t large, I (t1/2U0) 0.
Combining (I) and (II), we can apply Lemma 2.2 to conclude that Problem (P ) possesses a
nontrivial weak solution. 
4. Final comments
In this section, we make some comments regarding extensions of Problem (P ), the assumption
(H5), and present a simple example.
(1) Berestychi, Lions [1] discussed the following equations
i
∂φ
∂t
= −φ + V (x)φ + g(|φ|2)φ, x ∈ RN, t > 0. (4.1)
They obtained time-periodic solutions of the form φ(x, t) = e−iωtu(x) for some ω ∈ R. Indeed,
Problem (4.1) is Problem (P ) in scalar case, the function u(x) must satisfy
−u+ a(x)u = f (u),
where a(x) = V (x) −ω, f (u) = −g(|u|2)u.
(2) Dinu [4] established the existence of an entire solution for Problem (P ), he gave the
condition
0 <μF(x, t1, t2)

⎧⎪⎨
⎪⎩
t1f−(x, t1, t2)+ t2g−(x, t1, t2), t1 ∈ [0,+∞), t2 ∈ [0,+∞),
t1f−(x, t1, t2)+ t2g+(x, t1, t2), t1 ∈ [0,+∞), t2 ∈ (−∞,0],
t1f+(x, t1, t2)+ t2g−(x, t1, t2), t1 ∈ (−∞,0], t2 ∈ (−∞,0],
t1f+(x, t1, t2)+ t2g+(x, t1, t2), t1 ∈ (−∞,0], t2 ∈ [0,+∞),
(4.2)
where μ > 2. Condition (4.2) ensures the functional I satisfy non-smooth (PS) condition. It is
obvious that condition (H5) is weaker than condition (4.2). Now, we present an example that
illustrates the difference between condition (H5) and condition (4.2). Let
F(x,U) = Q(x)(|U |ν lnα1(|U | + e)),
where Q(x)Q0 > 0, α1  1. We can obtain F(x,U) satisfies condition (H5) with ν = 2 but
condition (4.2) cannot hold with μ> 2.
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